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Abstract
A total vertex irregularity strength of a graph G, tvs(G), is the minimum positive integer k such that there is a mapping f from the
union of vertex and edge sets of G to {1, 2, · · · , k} and the weights of all vertices are distinct. The weight of a vertex in G is the sum
of its vertex label and the labels of all edges that incident to it. It is known that tvs(Kn) = 2.
In this paper, we construct graphs with tvs equal to 2 by removing as much as possible edges from Kn, with and without
maintaining the outer cycle Cn of Kn. To do so, we give two algorithms to construct the graphs, and show that the tvs of the
resulting graph is equal to 2.
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1. Introduction
In this paper we considered a simple undirected graph G = G(V, E) with vertex set V and edge set E. The vertex
irregular total k-labeling of a graphG is a mapping f : V∪E → {1, 2, · · · , k} such that the vertex-weights are diﬀerent
for all vertices. The weight of a vertex in G is the sum of label of that vertex and labels of all edges that incident to it,
that is
w(v) = f (v) +
∑
uv∈E
f (uv).
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The total vertex irregularity strength of G, tvs(G), is the smallest positive integer k for which G has a vertex
irregular total k-labeling. Bacˇa, et al. [2] gave bounds for tvs of any graph G as follows.
⌈ |V | + δ
Δ + 1
⌉
≤ tvs(G) ≤ |V | + Δ − 2δ − 1
where δ and Δ are minimum and maximum degree of graph G respectively. Anholcer, et al. [1] improved the upper
bound of the form
tvs(G) ≤ 3
⌈ |V |
δ
⌉
+ 1.
It was known that for n ≥ 4, tvs(Pn) =
⌈
n+1
3
⌉
[4], for n ≥ 3, tvs(Cn) =
⌈
n+2
3
⌉
[2], and for n ≥ 2, tvs(Kn) = 2[2]. From
the general upper bound and the facts of tvs of 3 classes of graphs given before, we have an impression that the tvs
of a sparse graph tend to depend on the order of the graph while the tvs of a dense graph tend to be constant. This
fact arises question, how many edges we can removed from Kn and how to remove those edges to keep the tvs of the
resulting graph is equal 2? In this paper, we give the answer to this question. We give algorithms to remove edges
from Kn while keeping the tvs of the resulting graphs equal to 2.
2. Main Results
Fig. 1. Algorithm 1.1-1.3 (for n ≥ 5)
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We give two algorithms. The ﬁrst algorithm is to remove any possible edge from Kn while maintaining the tvs of
the resulting graphs as two. The second algorithm is maintaining edges in the outer cycle of Kn besides keeping the
tvs of the resulting graphs as two. Thus, the resulting graph of the second algorithm will be cycle Cn with chords.
The idea of the ﬁrst algorithm is as follow. Label the vertices and edges of Kn with vertex irregular total 2-labeling.
Starting from the vertex with the smallest weight, remove edge to the vertex with the second smallest weight, then
to the third smallest weight, and so on, as long as the weight of all vertices of the (intermediate) resulting graph are
diﬀerent. It means each time an edge is deleted, the weight its end vertices are updated. We give 3 variations for the
ﬁrst algorithm based on the order of the graph. We call them Algorithm 1.1-1.3 (Figure 1).
Fig. 2. Algorithm 2.1-2.2 (for n ≥ 6)
We implement the same idea for the second algorithm. However, in order to keep the outer cycle, we allow two
or more vertices in the (intermediate) resulting graph to have the same weight. But, the vertex weight of the (ﬁnal)
resulting graph must be distinct. We give 2 variations for the second algorithm based on the parity of order of the
graph. We call them Algorithm 2.1-2.2 (Figure 2).
In Figure 3, we give the resulting graphs after applying Algorithm 1 (G1) and 2 (G2) to K10. We can see that the
largest label those graphs is 2. Its means the tvs of those graph is equal 2. Furthermore, we can observe that the vertex
weight of the resulting graph are consecutive from 2 until n + 1 (Algorithm 1) and from 3 until n + 2 (Algorithm 2).
It means we cannot remove more edge from those graphs while keeping the tvs of those graphs as 2.
Next, we will show that the tvs of the resulting graphs from applying Algorithms 1 and 2 to Kn, n ≥ 5 are 2. Before
doing so, we ﬁrst observe the properties of the resulting graphs, as given in Propositions 1 and 2.
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Fig. 3. The resulting graphs from applying Algorithm 1 (G1) and Algorithm 2 (G2) to K10
Proposition 1. For n ≥ 5, let G1 and G2 be the resulting graphs from applying Algorithms 1 and 2 to Kn repectively.
The number of edges on G1 and G2 is as follows.
Algorithm.1 |E(G1)| Algorithm.2 |E(G2)|
n is odd n
2+7
8 n is odd n +
n2−4n−5
8
n ≡ 2(mod4) n2+48 n is even n + n
2−6n+8
8
n ≡ 0(mod4) n2+88
Proof. We count the edges removed from Kn based on the steps of Algorithms 1.1-1.3 and the steps of Algorithms
2.1-2.2 respectively. The detailed number of edges removed in each step of the algorithm is given in Figure 4 and
Figure 5. The last line in those ﬁgures give the total number of edges removed. By subtracting those numbers from
|E(Kn)| = n2−n2 we have the value as expected.
From the proof of Proposition 1 we also can observe the minimum degree (δ) and maximum degree (Δ) of the
resulting graphs as given in Proposition 2.
Proposition 2. For n ≥ 5, let G1 and G2 be the resulting graphs from applying Algorithms 1 and 2 to Kn respectively.
The minimum and maximum degree of G1 and G2 is as follows.
Algorithm.1 δ Δ Algorithm.2 δ Δ
n is odd 1 n+12 n is odd 2
n+1
2
n ≡ 2(mod4) 1 n2 n is even 2 n2
n ≡ 0(mod4) 2 n2 + 1
Theorem 3. For n ≥ 5, let G1 and G2 be the resulting graphs from applying Algorithms 1 and 2 to Kn repectively.
The tvs(G1) = tvs(G2) = 2.
Proof. From the steps of Algorithms 1 and 2 we get that tvs(G1) ≤ 2 and tvs(G2) ≤ 2. Now, we will show that
tvs(G1) ≥ 2 and tvs(G2) ≥ 2. We substitute δ and Δ from Proposition 2 to the lower bound of tvs of any graph given
by Bacˇa, et al. For case n is odd we obtained
tvs(G1) ≥
⌈ |V(G)| + δ
Δ + 1
⌉
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢
n + 1
n+1
2 + 1
⎤⎥⎥⎥⎥⎥⎥⎥⎥ = 2.
tvs(G2) ≥
⌈ |V(G)| + δ
Δ + 1
⌉
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢
n + 2
n+1
2 + 1
⎤⎥⎥⎥⎥⎥⎥⎥⎥ = 2.
For other cases we will have the same result. Consequently, tvs(G1) = 2 and tvs(G2) = 2.
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Fig. 4. Counting the number of edge in G1
Fig. 5. Counting the number of edge in G2
3. Open Problems
Open Problem 4. Characterize graph with tvs equal to 2.
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